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PREFACE

The purpose of this manual isto provide:

m an overview of each program in the Windows version of RAT-STATS,

m examplesillustrating the application of the software,

m snapshots of data sets used by the programs,

m some discussion regarding the program output, and

m formulas used within the software.
Theintent isfor the auditor/specialist to use as much of this discussion as he/she finds helpful.
While the RAT-STATS Users Guide gives descriptions of program input and output, this
Companion Manual should provide insight asto how to better use the software and exactly how
the program derives the results. The formulas are provided so that OAS has a single source for
all formulasin the event that a question is raised as to exactly how a particular result was

obtained.

We hope you find that the manual makes the OAS software easier to understand and easier to
apply. Please pass on any suggestions or corrections to Office of Inspector General, Office of

Public Affairs at paffairs@oig.hhs.gov.
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RANDOM NUMBERS

Whatever statistical sampling design you end up using (including stratified and/or multistage), at
some point in the data collection you will need one or more random samples. The next section,
dealing with Unrestricted Random Sampling, will examine the mechanics and estimation
procedures using such asamplein detail, but first it is necessary to discuss procedures for

generating arandom sample. A number of programs exist for such purposes; namely:

» Single-Stage Random Numbers
m Sets of Two Numbers

m Sets of Three Numbers

m Sets of Four Numbers

» Frames - Single Stage

m Frames - Sets of Two

» RHC Sample Selection

(Rev. 10/2004) Page 1-1
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Single-Stage Random Numbers

This program generates an unduplicated quantity of random numbers. Random values (the
output from this program) can be output in sequential order, random order, or a mixture of both.
For values in sequential order, you will see the values printed in sequential order, beginning with
the smallest selected item number and proceeding to the largest item number. For valuesin

random order, the items are printed in the order in which they were selected by the program.

Example 1. A universe contains 1,000 payments and a simple random sample of 10 payments
(with four spares) is needed. What items should be selected?
Solution: Using this program and a seed value of 12345, the sampled payments are those
numbered as follows:

9, 236, 337, 340, 346, 497, 556, 641, 658, and 834

The four spares are payments 404, 624, 927, and 947.

Page 1-2 (Rev. 10/2004)
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Sets of Two Numbers

This program will generate unduplicated pairs of random numbers. Thisis useful when sample

items are selected through a two-step process (e.g., page number and line number).

Random values (the output from this program) can be output in sequential order, random order,
or amixture of both. Valuesin sequential order will be printed in sequential order, beginning
with the smallest selected item number and proceeding to the largest item number. For valuesin

random order, the items are printed in the order in which they were selected by the program.

Example 2. Items are selected from a computer printout that had pages numbered 1 through 658
and had 66 lines on each page. A simple random sample of 10 items (with four spares) is
needed. Which items should be selected?
Solution: Using this program and a seed value of 12345, the sampled payments are:

PAGE: 224 258 266 327 366 400 422 433 561 610

ITEM: 23 37 42 1 16 7 23 59 40 63
Thesparesaree PAGE: 579 109 188 330

ITEM: 61 54 50 49

(Rev. 10/2004) Page 1-3
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Setsof Three Numbers

This program will generate unduplicated sets of three random numbers. This should be used
when sample items are selected through a three-step process (e.g., month, page, and line

number).

Random values (the output from this program) can be output in sequential order, random order,
or amixture of both. Valuesin sequential order will be printed in sequential order, beginning
with the smallest selected item number and proceeding to the largest item number. For valuesin

random order, the items are printed in the order in which they were selected by the program.

Example 3. Same as Example 2, where the pages are numbered 1 through 658 for each month.
Here the universe consists of 1 year's worth (12 months) of computer printouts. We need four
sample items and two spares.

Solution: Using this program and a seed value of 12345, the sampled items are:

MONTH: 3 5 6 8
PAGE: 224 266 6 582
ITEM: 23 42 37 43
Thetwo sparesare:  MONTH: 12 8
PAGE: 623 258

ITEM: 57 37

Page 1-4 (Rev. 10/2004)
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Sets of Four Numbers

This program will generate unduplicated sets of four random numbers. This should be used
when sample items are selected through a four-step process (e.g., year, month, page, and line

number).

Random values (the output from this program) can be output in sequential order, random order,
or amixture of both. For valuesin sequential order, you will see the values printed in sequential
order, beginning with the smallest selected item number and proceeding to the largest item
number. For valuesin random order, the items are printed in the order in which they were

selected by the program.

Example 4. Same as Example 3, where the pages are numbered 1 through 658 for each month
and year (total of 5 years). We need three sample items and two spares.

Solution: Using this program and a seed value of 12345, the sampled items are:

YEAR: 2 3 4
MONTH: 5 1 5
PAGE: 433 366 266
I TEM: 59 16 42
Thetwo sparesare:  YEAR: 5 2
MONTH: 12 7
PAGE: 561 400
I TEM: 40 7

(Rev. 10/2004) Page 1-5
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Frames - Single Stage

This program will generate an unduplicated set of random numbers which is useful when the
universe of sampling items either (1) contains gaps of numbers or (2) the numbering system
repeats within the universe. For instance, the universe of items consists of two frames,

numbered 1 through 1,050 and 8,405 through 9,565.

Random values (the output from this program) can be output in sequential order, random order,
or amixture of both. For valuesin sequential order, you will see the values printed in sequential
order, beginning with the smallest selected item number in the first frame (if any) and
proceeding to the largest item number in the last frame (if any). For valuesin random order, the

items are printed in the order in which they were selected by the program.

Example5. A universe of itemsthat refer to payment of a particular medical procedure are
numbered as follows:
1-1,050 (frame1l)

and 8,405 - 9,565 (frame 2)
A sample of fiveitemsis needed. Three of these items should be in sequential order and the
remaining two in random order.
Solution: Using this program and a seed number of 12345, the three sample itemsin sequential
order are:

FRAME |ITEM NUMBER

1 20
2 8,452
2 8,584

Page 1-6 (Rev. 10/2004)
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The two items in random order are

FRAME |ITEM NUMBER
1 520
1 752

Explanation: For this example there are 2,211 items in the frame since there are 1,050 itemsin
the first frame and (9,565 - 8,405 + 1), i.e., 1,161 items, in the second frame. For the sequential
items, three values between 1 and 2,211 are generated. These values are 20, 1,098, and 1,230.
Since 1,098 is outside the first frame, it isin the second frame; in particular, itslocation in the
second frame would be

[8,405 + (1,098 - 1,050) - 1]

that is, item number 8,452. Similarly, the value of 1,230 points to item number 8,584.

Similarly, for the two items in random order, the program generated two values between 1 and
2,211. These values were 520 and 752. Since both values are less than 1,050, these locations

areitems 520 and 752 in thefirst frame.

(Rev. 10/2004) Page 1-7
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Frames - Setsof Two

This program is a combination of two programs, Frames - Single Stage and Sets of Two
Numbers. The program will generate an unduplicated set of random numbers which should be
used when (1) pairs of numbers are used to locate sample items (as in Sets of Two Numbers) and

(2) the universe has gaps or the numbering system repeats (as in Frames - Single Stage).

Random values (the output from this program) can be output in sequential order, random order,
or amixture of both. For valuesin sequential order, you will see the values printed in sequential
order, beginning with the smallest selected item number in the first frame (if any) and
proceeding to the largest item number in the last frame (if any). For valuesin random order, the

items are printed in the order in which they were selected by the program.

Example 6. A universe of transactions consists of three sets of computer pages, numbered as
follows:

FRAME RANGE (Page Numbers)

1 1-100
2 1-456
3 45 - 832

In addition, within each frame there are an equal number of line items per page. The range
within each frameis:

FRAME RANGE (Number of Lines)

1 1-66
2 1-66
3 1-66

A sample of threeitemsin sequential order and two itemsin random order is needed.

Page 1-8 (Rev. 10/2004)
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Solution: Using this program and a seed value of 12345, the three sample items in sequential
order are:

FRAME PAGE NO. LINE

1 12 45
3 156 21
3 236 14

Thetwo items in random order are:

FRAME PAGENO. LINE
2 216 64
2 357 36

Explanation: For this example, the frame consists of

(100)(66) + (456)(66) + (832 - 45 + 1)(66)

= 6,600 + 30,096 + 52,008 = 88,704 items.
Random numbers between 1 and 88,704 are generated. Values between 1 and 6,600 will bein
the first frame; values between 6,601 and 6,600 + 30,096 = 36,696 are in the second frame; and

values between 36,697 and 88,704 will come from the third frame.

The three random values (not the spares) generated are 771, 44,043, and 49,316.

To find the value corresponding to 771:

1. Find (771/66) + 1 = 12.682. The integer part of thisis12. So, thisvalue is on page number
(subframe) 12 of frame 1.

2. The decimal part of this number is.682. Multiply this by 66 (the number of lines per pagein
the first frame for this example) and round to the nearest integer. Thisis45. Thisitemison line

45 of page 12.

(Rev. 10/2004) Page 1-9



Frames - Sets of Two RAT-STATS Companion Manual

To find the sample value corresponding to 44,043: Thisvalueislarger than 36,696 so it isin the

third frame.

1. Find[(44,043 - 36,696)/66] + 1 = 156.318. Here, 45 isthe low number (input) for frame 3.
The integer part of thisvalueis 156. So, thisvalue ison page number (subframe) 156 of
frame 2.

2. Thedecimal part of this number is.318. Multiply this by 66 (the number of lines per page in
the second frame for this example) and round to the nearest integer. Thisis21. Thisitemis
on line 21 of page 156.

Finally, consider the third randomly generated value of 49,316. Thisis 36,696, soitisinthe

third frame.

1. Find[(49,316 - 36,696)/66] + 45 = 236.212. Theinteger part of 236.212 is 236. So, this
value is on page number 236 of frame 3.

2. Thedecimal part of this number is.212. Multiply this by 66 (the number of lines per page)

and round to the nearest integer. Thisis14. Thisitemison line 14 of page 236.

Page 1-10 (Rev. 10/2004)
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RHC Sample Selection

The RHC selection/appraisal procedure is named after three statisticians -- J.N.K. Rao, H.O.
Hartley, and William Cochran -- and was originally proposed in 1962. This procedureis
essentially the same as single-stage SRS sampling except that the size of each primary unit
(cluster) is used to select the sample. It provides a method of sample selection that alows
sampling without replacement (the usual procedure) while “maintaining the flavor” of using
probability proportional to size. It can be used to select primary units (P.U.s) in atwo-stage

design or primary and secondary units (S.U.s) in athree-stage design.

Comment: Strictly speaking, you cannot use pure probability proportional to size (pps)
sampling when sampling without replacement. To understand why, consider a situation in which
a population contains 10 primary units with seven “large” P.U.s and three “small” ones. If the
sample size is eight, then one of the small P.U.s must be selected, regardiess of its small size.
The RHC procedure is not pure pps sampling, but comes very close while allowing the auditor to

sample without replacement.

Procedurefor Two-Stage RHC Sampling

Suppose that you have N P.U.s and you want a sample of n P.U.s. The procedureisto:

1. Randomly put (partition) the N P.U.sinto n groups (no attention to size here).
2. Within each of the n groups, select one P.U. using pps.

Example7.N=15n=3

1. Generate 3 groups, each containing 5 P.U.s

(Rev. 10/2004) Page 1-11
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One possibility: Generate 15 random numbers between 0 and 1. Suppose the smallest value
isinlocation 8, next largest in location 5, next largest in location 13, next largest in location
12, and the next largest in location 2. Thefirst group consists of P.U.s 2, 5, 8, 12, and 13.
Continue, to get the remaining two groups.

2. Suppose P.U. #7 isput into group 3.
Size of group 3is 1,000 beds and size of P.U. #7 is 100 beds.

P.U. #7 will be selected from group 3 with probability 100/1000 = .1.

Example 8. In aparticular region of the U.S. there are N = 90 universities with government
research grants. Because these universities are so widespread, it was decided to use a sample of
n =10 universities. Rather than audit all grants at a selected university, it was decided (based on
available resources) to audit roughly 20% of the grants at each selected university. We know
that there are atotal of M = 4,500 grantsin all 90 universities.

Sizee Asameasure of the size for each university, use the total grant dollars.

Each row of the datafile will contain:

University ID, number of grants, total grant dollars

ID of P.U., number of S.U.s (universe) inthisP.U., size of P.U.
There are 90 rows of data (one for each P.U.) contained in this data set, named UNIVRHC.TXT.
Output: The 10 universities to use in the sample (see last page of computer output) are:
UNIV78, UNIV42, UNIV49, UNIV5, UNIV19, UNIV38, UNIV62, UNIV28,
UNIV60, and UNIV75
This program will create an output file specified by the user (OutRHCsummary.txt for this

illustration) that is used as one of the input files by the RHC appraisal program. Dataset

Page 1-12 (Rev. 10/2004)
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RHC Sample Selection

UNIVRHC.TXT, the program output, and output file OutRHCsummary.txt are contained in the

following pages.

Dataset UNIVRHC.TXT

UNI V1

UNI V2

UNI V3

UNI V4

UNI V5

UNI V6

UNI V7

UNI V8

UNI V9

UNI V10
UNI V11
UNI V12
UNI V13
UNI V14
UNI V15
UNI V16
UNI V17
UNI V18
UNI V19
UNI V20
UNI V21
UNI V22
UNI V23
UNI V24
UNI V25
UNI V26
UNI V27
UNI V28
UNI V29
UNI V30

42
21
63
74
51
43
57
49
63
18
64
56
19
44
20
34
25
38
72
46
44
64
45
55
29
36
40
78
49
60

8
4
13
16
11
9
11
10
13
4
13

'—\
OCO~NNONPR

(1)

UNI V31
UNI V32
UNI V33
UNI V34
UNI V35
UNI V36
UNI V37
UNI V38
UNI V39
UNI V40
UNI V41
UNI V42
UNI V43
UNI V44
UNI V45
UNI V46
UNI V47
UNI V48
UNI V49
UNI V50
UNI V51
UNI V52
UNI V53
UNI V54
UNI V55
UNI V56
UNI V57
UNI V58
UNI V59
UNI V60

Columns: (1) primary unit 1D
(2) number of grants
(3) grant dollar amount (x $100,000) <« Thisisthe size of the university.

Dat e: 10/15/2004

DEPARTMENT OF HEALTH & HUMAN SERVI CES
OG- OFFICE OF AUDI T SERVI CES
GENERATI ON OF PRI MARY UNI T SAMPLE
NAME OF I NPUT FILE: C\ TEMP\ UNI VRHC. TXT

GROUPS OF PRI MARY UNI TS

52
66
25
60
19
24
44
76
41
77
37
63
52
76
51
23
24
68
34
49
55
38
72
51
71
59
23
57
53
64

<---continued - - - >

(2) (3)

11
14
5
12
4
5
9
17
9
18
8
12
11
17
10
4
5
15
7
10
11
9
16
10
15
12
4
11
11
13

<---continued - - - >

UNI V61
UNI V62
UNI V63
UNI V64
UNI V65
UNI V66
UNI V67
UNI V68
UNI V69
UNI V70
UNI V71
UNI V72
UNI V73
UNI V74
UNI V75
UNI V76
UNI V77
UNI V78
UNI V79
UNI V80
UNI V81
UNI V82
UNI V83
UNI V84
UNI V85
UNI V86
UNI V87
UNI V88
UNI V89
UNI VOO0

66
77
31
46
32
68
41
28
66
31
27
33
23
71
75
47
50
37
77
49
76
66
28
77
27
75
71
59
71
72

13
18
Z
9
7
14
9
6
14
Z
6
7
4
15
16
10
10
7
18
10
17
14
6
17
6
17
15
12
15
16

Time: 12:52

(Rev. 10/2004)
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*kkkkkhkkkk*k *kkkkkhkkkk*x
GROUP 1

PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V51 11 55
UNI V44 17 76
UNI V32 14 66
UNI V78 <-- sel ected 7 37
UNI V79 18 7
UNI V2 4 21
UNI V52 9 38
UNI V33 5 25
UNI V47 5 24
GROUP TOTALS: 9 90 419
* %k k k %k %k %k %k % G?QJP 2 * %k k %k k %k k k%
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V6 9 43
UNI V42 <-- sel ected 12 63
UNI V65 7 32
UNI V40 18 77
UNI V45 10 51
UNI V1 8 42
UNI V80 10 49
UNI V36 5 24
UNI V70 7 31
GROUP TOTALS: 9 86 412
* %k %k %k %k %k %k % % mp 3 * %k %k %k %k %k %k %k %
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V46 4 23
UNI V7 11 57
UNI VOO 16 72
UNI V49 <-- sel ected 7 34
UNI V21 9 44
UNI V4 16 74
UNI V54 10 51
UNI V61 13 66
UNI V77 10 50
GROUP TOTALS: 9 96 471
* %k k% k k k %k k% % GQQJP 4 * k% k k k k k k%
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V73 4 23
UNI V50 10 49
UNI V58 11 57
UNI V57 4 23
UNI V82 14 66
UNI V23 9 45
UNIV5 <-- selected 11 51
UNI V64 9 46
Page 1-14 (Rev. 10/2004)
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RHC Sample Selection

UNI V34 12 60
GROUP TOTALS: 9 84 420
* %k k k ok k Kk k% G?OJP 5 * k k k ok ok k k%
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V84 17 77
UNI V35 4 19
UNI V16 7 34
UNI V81 17 76
UNI V27 9 40
UNI V85 6 27
UNI V19 <-- sel ected 16 72
UNI V68 6 28
UNI V26 7 36
GROUP TOTALS: 9 89 409
* %k %k %k %k %k %k %k % GQQJP 6 * %k %k %k %k %k %k k%
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V37 9 44
UNI V83 6 28
UNI V63 7 31
UNI V14 9 44
UNI V43 11 52
UNI V31 11 52
UNI V15 4 20
UNI V48 15 68
UNI V38 <-- sel ected 17 76
GROUP TOTALS: 9 89 415
* %k %k %k %k %k k% % % mp 7 * %k %k %k %k %k %k k%
PRI MARY UNI T SECONDARY
PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V69 14 66
UNI V18 9 38
UNI V25 7 29
UNI V59 11 53
UNI V30 12 60
UNI V10 4 18
UNI V24 11 55
UNI V62 <-- sel ected 18 77
UNI V17 6 25
GROUP TOTALS: 9 92 421
(Rev. 10/2004) Page 1-15
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*kkkkkhkkkk*k *kkkkkhkkkk*x
GROUP 8

PRI MARY UNI T SECONDARY

PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V28 <-- sel ected 18 78
UNI V41 8 37
UNI V89 15 71
UNI V66 14 68
UNI V11 13 64
UNI V86 17 75
UNI V56 12 59
UNI V12 11 56
UNI V72 7 33
GROUP TOTALS: 9 115 541

* %k k k %k %k %k %k % G?QJP 9 * %k k %k k %k k k%

PRI MARY UNI T SECONDARY

PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V71 6 27
UNI V8 10 49
UNI V67 9 41
UNI V3 13 63
UNI V60 <-- sel ected 13 64
UNI V76 10 47
UNI V74 15 71
UNI VO 13 63
UNI V20 10 46
GROUP TOTALS: 9 99 471

*kkhkkkkkk k% mp 10 *kkhkkkhkkkk k%

PRI MARY UNI T SECONDARY

PRI MARY UNI T | DENTI FI CATI ON S| ZE UNI VERSE
UNI V22 13 64
UNI V39 9 41
UNI V88 12 59
UNI V55 15 71
UNI V29 10 49
UNI V75 <-- sel ected 16 75
UNI V87 15 71
UNI V13 4 19
UNI V53 16 72
GROUP TOTALS: 9 110 521

Page 1-16 (Rev. 10/2004)
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RHC Sample Selection

DEPARTMENT OF HEALTH & HUVAN SERVI CES

O G - OFFICE OF AUDI T SERVI CES

Date: 10/ 15/2004 GENERATI ON OF PRI MARY UNI T SAMPLE Time: 12:52
NAME OF QUTPUT FILE: C \ TEMP\ Qut RHCsummary. t xt

FI RST SEED NUMBER: 100. 00 SECOND SEED NUMBER: 200. 00

NUMBER OF PRI MARY UNI TS I N THE POPULATI ON: 90

NUMBER OF PRI MARY UNI TS SAMPLED: 10

UNI TS
SECONDARY PRI MARY I'N

PRIMARY UNIT I D UNI VERSE UNIT SI ZE GROUP SIZE  CROUP
UNI V78 37 7 90 9
UNI V42 63 12 86 9
UNI V49 34 7 96 9
UNI V5 51 11 84 9
UNI V19 72 16 89 9
UNI V38 76 17 89 9
UNI V62 77 18 92 9
UNI V28 78 18 115 9
UNI V60 64 13 99 9
UNI V75 75 16 110 9

NOTE: Inpractice, itisrecommended that you not set the two seed values unless you are

trying to duplicate prior results.

Output file OutRHCsummary.txt

(1) 2 ©) (4)
UNI V78 37 7 90
UNI V42 63 12 86
UNI V49 34 7 96
UNI V5 51 11 84
UNI V19 72 16 89
UNI V38 76 17 89
UNI V62 77 18 92
UNI V28 78 18 115
UNI V60 64 13 99
UNI V75 75 16 110

Columns:. (1) selected primary unit
(2) number of grants (secondary units)

~—~
@LO‘O@@LO@@@@Q‘I’

(3) grant dollar amount (x $100,000) « Thisisthe size of the primary unit.

(4) size of the group containing this primary unit
(5) number of universities (primary units) in this group

(Rev. 10/2004)
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Procedurefor Three-Stage RHC Sampling

1. A sample of primary units (clusters) is obtained as in the two-stage procedure. The size
of the primary unitsis considered for this sample, where pps sampling is used for each
group of primary units.

2. A sample of secondary unitsis obtained within each chosen primary unit by partitioning
the primary unit into random groups of secondary units. The numbers of S.U.sin each
group are chosen to be as nearly equal as possible. Using pps sampling, and the size of
each secondary unit, one secondary unit is chosen from each of the secondary groups.

3. A random sample of third-stage unitsis obtained for each of the chosen secondary units.

No attention is paid to “size” here. Thisisarandom sample.

Example 9. The previous example was expanded to include geographical regions.
Primary units. 12 regions (select four)
Secondary units: Universities (select 10 from each region)

Third stage units: Grants (audit 20% from each university)

Selection of Primary Units

A file must be constructed containing (for each region) (1) the number of secondary units
(universities) in thisregion and (2) the size of thisregion (total grant dollars). Thisfileis

GRANTSPU.TXT. The selected regions are 4, 6, 8, and 10 using seed values of 100 and 200.
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RHC Three-Stage Sample Selection

File GRANTSPU.TXT

@) )
REG ON1 117
REG ON2 63
REG ON3 91
REG ONd 123
REG ON5 107
REG ON6 116
REG ON7 102
REG ON8 118
REG ON9 122
REG ON10 85
REG ON11 94
REG ON12 62

Columns: (1) region ID
(2) number of universities (secondary units)
(3) size (total grant amount x $100,000)

(3)
1250
610
720
1320
1160
1240
960
1300
1320
640
930
550

Selection of Secondary Units

The three-stage RHC sample selection procedure requires the user to only obtain information for

each selected primary unit (i.e., regions 4, 6, 8, and 10 here). The information in each of these

four files consists of the size of each secondary unit (university, here) and the number of third-

stage units in the universe for each secondary unit. Each of these files should resemblefile

UNIVRHC.TXT contained in the previous two-stage RHC discussion. Consequently, for each

sampled P.U., each line of the corresponding file should contain:

university ID, number of grants at this university, total grant dollars

secondary unit 1D, no. of third-stage units, size of S.U.

After running the RHC Sample Selection program on each of these four regions, the following

universities were selected:

(Rev. 10/2004)
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REG ON UNI VERSI TI ES
4 85, 46, 7, 82, 30, 34, 27, 66, 65, 80
6 113, 43, 78, 104, 89, 112, 30, 65, 3, 99
8 112, 6, 77, 93, 75, 111, 62, 115, 70, 99
10 78, 43, 7, 73, 55, 33, 10, 59, 64, 39

Selection of Third-Stage Units

Suppose that approximately 20% of the grants at each selected university are to be audited. Each
of these 40 samples (4 regions x 10 universities) is obtained randomly using the Single-Stage
Random Number s program.

NOTES: (1) The previous five program runs (one at the primary level and four at the
secondary level) created five output files. Using aword processor, these files can
be joined to form one of the input files (the one containing primary/secondary unit
information) for the three-stage RHC appraisal program which calculates the

confidence interval.

(2) Thisexampleisexamined in more detail in the three-stage RHC appraisal section.

Summary of Input for RHC Sample Selection

RHC Two-Stage

The user must know:
1. The number of P.U.sin the universe and the sample.
2. Thesizeof al P.U.sin the universe.
Procedure: 1. The user can set the number of S.U.sin each universe P.U. equal to oneif
these are difficult to determine. Thisisthe middle columnin file

UNIVRHC.TXT used in the previous illustration.

2. Next, run the RHC Two-Stage Sample Selection program. Store the output
inatext file.
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3. Using aword processor or spreadsheet, change the number of S.U.sfor each

RHC Three-Stage

sampled P.U. from one to the correct value.

The user must know:

1. Thenumber of P.U.sin the universe and the sample.

2. Thesizeof al P.U.sinthe universe.

3. The number of S.U.sto be sampled within each P.U.

4. For each sampled P.U.,

a  Thenumber of S.U.sin the universe within this P.U.

b. Thesizeof al S.U.swithin this P.U.

Procedure: 1.

The user can set the number of S.U.sin each universe P.U. equal to 1 if these
are difficult to determine.

Run the RHC Two-Stage Sample Selection program. Store the output in a
text file.

Using aword processor or spreadsheet, change the number of S.U.sfor each
sampled P.U. from 1 to the correct value.

For each sampled P.U., build a data file where each row consists of

a SU.ID

b. Number of third-stage units for this S.U. (OK to use avalue of 1 here and
correct later).

c. Sizeof thisS.U.

For each sampled P.U., use the data set in step 4 as input to the RHC Two-
Stage Sample Selection program. Store the output in atext file.

Using aword processor or spreadsheet, change the number of third-stage units
for each sampled S.U. from 1 to the correct value.

Merge the results from step 2 and each sampled P.U. into onefile. See
PUSURHC3.TXT (below) for an example. The valuesin the second column
(123, 54, 44, . . ) can be set to one and later changed to the correct values.
Thisis one of the input filesto the RHC Three-Stage Appraisal program.

(Rev. 10/2004)
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NOTE: Although this procedure allows for substituting 1s for the number of

8.

second- and third-stage unitsin the original pass, the required size
information must be known.

Build the datafile (file PUSURHC3.TXT for thisillustration) containing the
sampled third-stage units. Thisisthe other input file required by the RHC
three-stage appraisal program. Using aword processor or spreadsheet, the
column of sample sizes (highlighted) was added to the files created by the five
RHC Sample Selection programs.

File PUSURHC3.TXT

REG ON4 123 10 1320 3410 3

UNI V85
UNI V46
UNI V7
UNI V82
UNI V30
UNI V34
UNI V27
UNI V66
UNI V65
UNI V80
REG ON6
UNI V113
UNI V43
UNI V78
UNI V104
UNI V89
UNI V112
UNI V30
UNI V65
UNI V3
UNI V99
REG ON8
UNI V112
UNI V6
UNI V7
UNI V93
UNI V75
UNI V111
UNI V62
UNI V115
UNI V70
UNI VO9

54
44
77
52
54
50
76
76
62
70
116
33
39
63
25
35
27
58
57
56
80
118
75
34
51
54
52
84
64
59
65
60

11 11 125 12
9 9 131 12
15 17 119 12
10 11 129 12
11 11 141 12
10 10 140 12
15 16 138 12
15 16 128 13
12 14 125 13
14 15 155 13
10 1240 3100 3
7 8 108 11
8 7 105 11
13 12 104 11
5 9 96 11
7 7 124 12
5 10 108 12
12 11 95 12
11 10 109 12
11 11 115 12
16 14 113 12
10 1300 3170 3
15 16 125 11
7 8 127 11
10 11 120 12
11 11 136 12
10 11 126 12
17 17 134 12
13 14 123 12
12 13 137 12
13 14 143 12
12 13 129 12

REG ON10 85 10 640 2320 3

UNI V78
UNI V43

39
42

8 7 62 8
8 7 68 8
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RHC Three-Stage Sample Selection

File PUSURHC3.TXT - continued

UNI V7

UNI V73
UNI V55
UNI V33
UNI V10
UNI V59
UNI V64
UNI V39

56
27
78
65
60
52
50
38

11

5
16
13
12
10
10

8

9
5
12

|
o000 Wo

54
63
70
77
76
71
73
68

© O O OO 000000
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Generating Spares for RHC Sampling
One question that arises here is what to do if one or more of the selected primary units is
unattainable or unusable for some reason. There is a method of generating spares without
having to start the sample selection process all over again, once the nonusable primary units

have been identified.

A similar approach can be used in a three-stage plan if one or more secondary units are
nonusable within a selected primary unit. The following example will illustrate how to recover

when one or more primary units are nonusable with a two-stage RHC sampling plan.

Example 10. Population: N =90 P.U.s (universities) Sample: n=5P.U.s
The final section of the output using the RHC sample selection program is shown below;

it turns out that universities 51 (in group 5) and 69 (in group 4) could not be used.

UNITS

SECONDARY PRIMARY IN

PRIMARY UNIT ID UNIVERSE UNIT SIZE GROUP SIZE GROUP
UNIV47 24 5 191 18
UNIV64 46 9 175 18
UNIV52 38 9 185 18
UNIV69 66 14 203 18
UNIV51:L—-can't use 55 11 196 18

The corresponding output file created from the first pass is shown below.

UNI V47 24 5 191 18
UNI V64 46 9 175 18
UNI V52 38 9 185 18
UNI V69 66 14 203 18
UNI V51 55 11 196 18

The section of the output containing the contents of group 4 follows.
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*kkkkkhkkkk*k

GROUP

PRI MARY UNI T | DENTI FI CATI ON

UNI V15
UNI V81
UNI V38
UNI V59
UNI V13
UNI V76
UNI V20
UNI V66
UNI V14
UNI V29
UNI V55
UNI V26
UNI V17
UNI V87
UNI V22
UNI V50
UNI V84
UNI V69 <-- Sel ected,

GROUP TOTALS:

can't use

18

4 *kkkkkkkk*x

PRI MARY UNI T SECONDARY

SI ZE

UNI VERSE

Remove UNIV69 from the population and this group. Construct a data file (same format as

UNIVRHC.TXT) using this group only. This file (TEMP1.TXT) is shown below.

NOTE: When constructing this file, notice that columns 2 and 3 above (i.e., PRIMARY
UNIT SIZE and SECONDARY UNIVERSE) need to be switched. This was done

correctly in TEMP1.TXT.

UNI V15
UNI V81
UNI V38
UNI V59
UNI V13
UNI V76
UNI V20
UNI V66
UNI V14
UNI V29
UNI V55
UNI V26
UNI V17
UNI V87
UNI V22
UNI V50
UNI V84

20
76
76
53
19
47
46
68
44
49
71
36
25
71
64
49
77

4
17
17
11

10
10

14

10
15

15
13
10
17

FileTEMPLTXT
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Next, run the RHC Sample Selection program. Your input file is TEMP1.TXT and your sample
size is 1. This generates another P.U. (university) from this group. The output from this

program is shown below. UNIV22 was selected.

DEPARTMENT OF HEALTH & HUVAN SERVI CES
OG- OFFICE OF AUDI T SERVI CES
Date: 10/ 15/2004 GENERATI ON OF PRI MARY UNI T SAMPLE Tinme: 13:17
NAME OF | NPUT FILE: C\ TEMP\ TEMPL. t xt

GROUPS OF PRI MARY UNI TS

*kkkkkkkkx GQQJP 1 *kkkkkkkkx
PRI MARY UNI' T SECONDARY

PRI MARY UNI T | DENTI FI CATI ON SI ZE UNI VERSE
UNI V81 17 76
UNI V76 10 47
UNI V15 4 20
UNI V20 10 46
UNI V59 11 53
UNI V13 4 19
UNI V50 10 49
UNI V87 15 71
UNI V22 <--- Sel ected 13 64
UNI V29 10 49
UNI V84 17 77
UNI V55 15 71
UNI V26 7 36
UNI V66 14 68
UNI V38 17 76
UNI V14 9 44
UNI V17 6 25
GROUP TOTALS: 17 189 891

NAME OF QUTPUT FI LE: C:\ TEMP\ QUTTEMPL. TXT

FI RST SEED NUMBER 100. 00 SECOND SEED NUMBER: 200. 00
NUMBER OF PRI MARY UNITS I N THE POPULATI ON: 17
NUMBER OF PRI MARY UNI TS SAMPLED: 1
UNI TS
SECONDARY PRI MARY I'N
PRIMARY UNIT I D UNI VERSE UNIT SI ZE GROUP SIZE  GROUP
UNI V22 64 13 189 17
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Next, repeat this for group 5. Remove UNIV51 from the population and this group. Construct
data file TEMP2.TXT.

NOTE: As before, be sure to switch columns 2 and 3 when building this file.

UNI V63 31 7
UNI V18 38 9
UNI V58 57 11
UNI V31 52 11
UNI V56 59 12
UNI VOO0 72 16
UNI V65 32 7 FileTEMP2.TXT
UNI V12 56 11
UNI V16 34 7
UNI V2 21 4
UNI V79 77 18
UNI V74 71 15
UNI V8 49 10
UNI V86 75 17
UNI V53 72 16
UNI V23 45 9
UNI V33 25 5

Again, run the RHC Sample Selection program. Theinput fileis TEMP2.TXT and the sample
sizeis 1. Thisgeneratesanother P.U. from this group. The output from this program is shown

below. UNIV 86 was sdlected.

DEPARTMENT OF HEALTH & HUVAN SERVI CES
OG- OFFICE OF AUDI T SERVI CES
Date: 10/ 15/2004 GENERATI ON OF PRI MARY UNI T SAMPLE Tinme: 13:24
NAME OF | NPUT FILE: C \ TEMP\ Tenp2.t xt

GROUPS OF PRI MARY UNI TS

*kkkkkkkkx GQQJP 1 *khkkkkkkkx
PRI MARY UNI' T SECONDARY

PRI MARY UNI T | DENTI FI CATI ON SI ZE UNI VERSE
UNI V18 9 38
UNI VOO0 16 72
UNI V63 7 31
UNI V65 7 32
UNI V31 11 52
UNI V56 12 59
UNI V23 9 45
UNI V86 <--- Sel ected 17 75
UNI V53 16 72
UNI V2 4 21
UNI V33 5 25
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< QUTPUT -- continued >

UNI V79 18 77
UNI V74 15 71
UNI V12 11 56
UNI V58 11 57
UNI V16 7 34
UNI V8 10 49

GROUP TOTALS: 17 185 866

NAME OF QUTPUT FILE: C \ TEMP\ QUTTEMP2. TXT

FI RST SEED NUMBER: 100. 00 SECOND SEED NUMBER: 200. 00
NUVBER OF PRI MARY UNI TS I N THE POPULATI ON: 17
NUVMBER OF PRI MARY UNI TS SAMPLED: 1
UNI TS
SECONDARY PRI MARY I'N
PRIMARY UNIT I D UNI VERSE UNIT SI ZE GROUP SIZE  GROUP
UNI V86 75 17 185 17

Finally, be sure to update the original output file shown earlier to reflect the two new selected
universities. Thisisshown below. Thisfileisone of the input filesto the RHC Two-Stage

Appraisal program.

Final output file (input file to RHC appraisal program)

UNI V47 24 5 191 18
UNI V64 46 9 175 18
UNI V52 38 9 185 18
UNI V22 64 13 189 17
UNI V86 75 17 185 17

Discussion: RHC Three-Stage sampling
A similar procedure can be used to generate “spare” secondary units. For example, if one of the
secondary units within a selected primary unit is nonusable, another secondary unit can be

selected from this group using the procedure outlined above.
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Discussion: Final-stage units

At the second stage for RHC Two-Stage sampling and the third stage for RHC Three-Stage
sampling, arandom sample of unitsis obtained. Sparesfor this stage can be obtained in the
usual manner using the single-stage random number generator software (Single Stage Random

Numbers).

Comparison of RHC and Multistage SRS

In general, you can expect greater precision with the RHC procedure, provided thereisa
significant correlation between the second and third columns (Number of Units and Size of Unit)
of each file using the RHC sample selection procedure. To illustrate, consider the file containing
the primary unit information used in the three-stage RHC illustration.
(1) 2 3
REG ON1 117 1250
REG ON2 63 610 Columns. (1) unitID

REG ON3 91 720 (2) number of units
(3) size of unit

REG ONIO 85 640

REG ON11 94 930

REG ON12 62 550
For this example, the correlation between Size of Unit and Number of Unitsis.958, and we
would expect atwo-stage RHC procedure to work quite well. For athree-stage procedure, this

correlation rule must also apply within each of the sampled primary units, at the secondary unit

level.

(Rev. 10/2004) Page 1-29



RHC Versus SRS RAT-STATS Companion Manual

The benefits of RHC sampling include:
* increased precision if the above correlation ruleis satisfied,;
* maintaining the flavor of pps sampling, since pps sampling is used to select a unit from
each random group;

» relatively simple and straightforward computations;

- unbiased and stable point estimate of the universetotal (T) . Thisimpliesthat when

sampling indefinitely, T , on the average, is equal to the actual universetotal, T, and
T will exhibit relatively small variation.

» astaple point estimate of the variance of T , producing more reliable confidence

intervals. Thisimplies that when sampling indefinitely, the lower confidence limits will

exhibit relatively small variation.
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ATTRIBUTE APPRAISALS

An attribute appraisal is carried out to estimate a particular universe proportion (p) and its
corresponding sampling error. This proportion istypically an error rate (proportion of the
universein error) but, more generaly, it is the proportion of the universe items that meet (or do
not meet) a specified set of criteria. Also of interest may be the total number of itemsin the

universe (Np) that meet the criteria.

In an attribute sample, each sample item is either ayes response (met the criteria) or no response
(did not meet the criteria). Thisversion of RAT-STATS contains eight modules that can be used
to appraise an attribute sample. These sampling strategies are listed below and described in the

sections to follow.

» Unrestricted

» Stratified

= Two-Stage Unrestricted
» Three-Stage Unrestricted
s RHC Two Stage

m RHC Three Stage

m Stratified Cluster

m Stratified Multistage
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Unrestricted Attribute Appraisal

Anunrestricted sample is the same as a simple random sample. Consequently, every sample
of size n has the same chance of being selected. For an unrestricted sample, asample of sizenis

randomly obtained and the number of sample elements meeting the criteria (say, X) is recorded.

Example 1. An unrestricted sample of 400 documents was obtained and examined to determine
if they had the proper approval signature. In the sample, 82 of the items did not contain the

proper signature (werein error). The sample error rate is then 82/400 = .205 (i.e., 20.5%). This
isthe estimate of p, the error rate for the entire universe. If the universe sizeis N = 10,000, then

the estimated number of universeitemsin error is (10,000)(.205) = 2,050 items.

Using the RAT-STATS software, the corresponding 90% confidence interval for the total
number of universeitemsin error isfrom 1,729 to 2,403. The 90% confidence interval for the
universe error rate (p) isfrom 17.29% to 24.03%. Notice that the (point) estimate of 20.5% is
between 17.29% and 24.03% but it is not in the center of thisinterval. The center of the 90%
confidence interval is (17.29 + 24.03)/2 = 20.66%. The reason for thisresult isthat this
estimation procedure is based on the exact hypergeometric distribution, rather than the normal
approximation. The resulting 95% confidence interval for pis 16.73% to 24.70% and for Np

(the total number of errorsin the universe) isfrom 1,673 to 2,470.
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Discussion. Consider the 90% confidence interval. Define
TAIL=(1-.90)/2=.05

The 90% confidence interval for Np is, say, k; to k,. Therewere x = 82 sample itemsin error, so

(referring to the Formulas section below) k; isthe smallest value of k for which the probability

of observing 82 or fewer errorsis > .05, where .05 isthevalue of TAIL. Thisvalueof k is

k, = 1,729. The corresponding error rateis 1,729/10,000 = .1729 (i.e., 17.29%). To find the

upper limit of the 90% confidence interval, the program determines the |argest value of k (say,

k,) for which the probability of observing x = 82 or more errorsis> TAIL =.05. Thisisk, =

2,403 with a corresponding error rate of 2,403/10,000 = .2403 (i.e., 24.03%). A similar

argument applies to the 95% confidence interval, where now the value of TAIL is.025.

NOTES: 1. Using these definitions of k, and k, for a 90% confidence interval, the user can be
assured that the actual confidence level isat least 90%. This also appliesto 80%
and 95% confidence intervals.

2. Inthe event that no items having the characteristic(s) of interest are found in the
sample, the user has the option of having the program determine both confidence
limits or only the upper confidence limits.

3. Inthe event that the number of items having the characteristic(s) of interest in the
sampleis the same as the sample size, the user has the option of having the

program determine both confidence limits or only the lower confidence limits.

4. Theuniverse size (N) isdeclared to be along integer in the RAT-STATS

program. Consequently, the largest allowable universesizeisN = 231 _1-=
2,147,483,647.
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FORMULAS

To determine a 90% confidence interval for the total number of universe itemsin error, define
TAIL = (1-.90)/2 = .05.

Upper Limit: Let k, = largest value of k for which

(1
o

where N = universe size

n=samplesize
k = total number of universeitemsin error
X = number of sampleitemsin error

Lower Limit: Let k; = smallest value of k for which

Z [ n-i 05

— .
! ( N)

n
|=

X
n

The resulting 90% confidence interval for the total number of universe itemsin error isfromk;

to k, and the corresponding 90% confidence interval for the error rate (p) isk,/N to k,/N.

For a 95% confidence interval, use the same two equations, where .05 is replaced with

TAIL = .025. For an 80% confidence interval, the value of TAIL is.10.

The procedure used to derive this confidence interval can be found in the following article.
John P. Buonaccorsi (1987), “A Note on Confidence Intervals for Proportionsin Finite

Populations,” The American Satistician, Vol. 41, No. 3, 215-218.
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Standard Errors

1-p n .
For universe proportion: Standard Error = \/ u(l— Nj where pP=x/n.

For universe total: Standard Error= N e M(l— ij )
n-1 N

NOTE: RAT-STATS doesnot use the preceding standard errors when deriving a confidence
interval for the universe proportion and universe total. Other software packages use
this standard error to derive an approximate confidence interval based on the normal
distribution. RAT-STATS derives an exact confidence interval based on the
hypergeometric distribution.
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Stratified Attribute Appraisal

In a stratified attribute sampling plan, the universe is divided into two or more nonoverlapping
categories (strata). Aswith an unrestricted sample, the intent isto make a statistical estimate for
auniverse proportion (p) or auniverse total (Np) that meets a specified set of criteria. Thisplan
involves obtaining a random sample from each of the strata. The program will request the

number of universe itemsin each stratum and these values must be known. The program will

develop estimates for each stratum as well as for the entire universe.

NOTE: Inthediscussionto follow, we will refer to the proportion, p, asthe “error rate.”

Example 2. A universe of 2,500 Medicare claimsis stratified into inpatient (Stratum 1) and
outpatient (Stratum 2) claims. The universe sizes are N, = 1,000 inpatient claims and N, = 1,500
outpatient claims. Of interest is the proportion, p, of claimsin error (containing improper

charges).

A random sample of n, = 100 inpatient clams revealed x, = 2 errors and a random sampl e of
n, = 100 outpatient claims uncovered x, = 6 errors.
NOTE: Both random samples were obtained using the Single-Stage Random Numbers

program whereby 100 random numbers between 1 and 1,000 were obtained for
stratum 1 and 100 random numbers between 1 and 1,500 were obtained for stratum 2.
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The following output was obtained from the stratified attribute appraisal program.

DEPARTMENT OF HEALTH & HUVAN SERVI CES

OG- OFFICE OF AUDI T SERVI CES
Date: 2/7/2004 STRATI FI ED ATTRI BUTE APPRAI SAL Ti me: 10: 55
AUDI T/ REVI EW Attribute - Stratified
PRQJ. | TEMS
STRATUM SAMPLE *ITEMS** **RATIO* *UN VERSE* | N UN VERSE
1 100 2. 000% 1, 000 20
2 100 6. 000% 1, 500 90
COVBI NED 200 4. 400% 2,500 110
STANDARD ERROR: 1.483% 37
PRECI SI ON PRECI SI ON PRECI SI ON
STRATUM AT 80% CL AT 90% CL AT 95% CL
1 1.711% 2.196% 2.616%
2 2. 955% 3.793% 4.519%
COMVBI NED 1.901% 2.439% 2.907%
LONER LIMT - QUANTITY 62 49 37
PERCENT 2.499% 1.961% 1.493%
UPPER LIMT - QUANTITY 158 171 183
PERCENT 6. 301% 6. 839% 7.307%

Discussion. The strata sample error rates are 2% and 6%. The projected number of inpatient

claimsin error is (.02)(1,000) = 20 and the projected number for the outpatient stratum is

(.06)(1,500) = 90. Consequently, the projected value for the universeis 20 + 90 =110

(highlighted) with a corresponding error rate of (110/2,500) x 100% = 4.4% (highlighted).

A look at theinpatient stratum: The estimated error rate is 2%. The corresponding precision

at the 90% confidence level is 2.196% (highlighted). Theterm “precision” refers to the amount

that is added and subtracted to the point estimate (2%, here) in deriving a confidence interval.
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Consequently, the 90% confidence interval for the proportion of inpatient claimsin error is 2% +
2.196%; that is, -0.196% to 4.196%. Since the lower limit is negative, it may be set equal to
zero. Similarly, the 95% confidence interval for the proportion of inpatient claimsin error is
2% + 2.616% (highlighted); that is, 0% to 4.616%, once again setting the lower limit equal to
zero.

NOTE: These confidence intervals are not actually contained in the program output.

A look at the outpatient stratum: The estimated error rateis 6%. Continuing the discussion
from the inpatient stratum, the 90% confidence interval for the proportion of outpatient clamsin
error is6% = 3.793% (highlighted); that is, 2.207% to 9.793%. The corresponding 95%
confidence interval is 6% + 4.519% (highlighted); that is, 1.481% to 10.519%. As before, these

confidence intervals are not actually contained in the program output.

A look at the overall precision: The precision at the 90% level is 2.439% (highlighted) and so
the resulting 90% confidence interval for the universe proportion of claimsin error is

4.4% + 2.439%; that is, 1.961% to 6.839%. Multiplying these two values by 2,500 (and dividing
by 100), the corresponding 90% confidence interval for the total number of universe claimsin
error is49to 171. Notice that these values are rounded to the nearest integer. Using the
precision at the 95% confidence level (i.e., 2.907%), the 95% confidence interval in the previous

output can be obtained.
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FORMULAS

The estimated proportion for stratumi is f where f = X; /iy and where x; is the number of

sample elementsin stratum i in error and n; is the number of sample items from stratumi. The

value of Ratiois f x 100%. The Projected Itemsin Universe for stratumi is (3 )(Nj) where

N isthe number of universeitemsin stratumi. The PRECISION AT 90% CL (CL stands for
confidence level) is 1.644853626951 times the standard error of 3 ; that is

Ni-n Bd-H)
Ni ni—l

1644853626951\/

To obtain the Precision at 95% (80%) CL value for the i-th stratum, replace 1.644853626951

with 1.959963984540 (1.281551565545). The estimated standard error of [ is

N -1 (- p
=(p)- [Nt A0R)

Overall estimates: The estimate of the universe proportion (error rate) is P (under the Ratio

heading), where

N L[ﬁ)A
p_. N Q
=1

the summation is over al of the L strataand N = XN, isthe total universe size. The estimated

standard error of P is

L 2

-,y () (=)

i=1

The Precision at 90% CL valueis 1.644853626951 - SE( P) .
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The Precision at 95% CL value is obtained by replacing 1.644853626951 by 1.959963984540 in
the above formula and for an 80% confidence interval, 1.644853626951 is replaced by

1.281551565545.

The resulting confidence intervals for the universe proportion (error rate) are

A

P + (PRECISION)
To obtain the confidence intervals for the universe total, multiply both ends of the confidence

interval for the error rate by the universe size, N, and round to the nearest integer.
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Two-Stage Unrestricted

Thisisaspecial case of multistage sampling. Multistage sampling isavery cost-effective
sampling procedure when (1) obtaining a frame that lists all elementsin the universeis

very costly or impossible, or (2) the cost of obtaining observations increases as the distance
separating the elements increases. Put another way, multistage sampling is cost effective
when it is more costly to get to the sampling unit than it is to audit the sampling unit. The goal

of multistage sampling isto get the most precise results per unit of examination cost.

General Comments

1. Thisisavery convenient sampling procedure for many situations because you don't have to
visit all the locations.

2. For atwo-stage procedure, the universe can be broken down into “ subgroups.”
Example: 1st Stage: Carriers (P.U.s)

2nd Stage: Hospitals (S.U.s)

S0, the procedureisto first obtain arandom sample of P.U.s. These are called clusters.
Then, obtain arandom sample of S.U.swithin each selected P.U.. Notice that at the first
stage, clusters are the sampling unit (sampling units are not always individual people,
records, etc.).

3. You can estimate cost overpayments for the entire universe with multistage sampling; it is

very useful for large, widespread universes.

Example 3. In aparticular region of the U.S. there are N = 90 universities with government
research grants. Because these universities are so widespread, it was decided to use a two-stage

sample using 10 universities. Rather than audit all grants at a selected university, it was decided
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(based on available resources) to audit roughly 20% of the grants at each selected university to
estimate the proportion of grants containing charges after the scheduled completion of the grant.
The following data were obtained, where a (p;) is the number (proportion) of grantsin the
sample from the i-th university containing such charges, m; is the number of audited (sampled)

grants at the i-th university, and M, is the total number of grantsin the audit universe at the i-th

university.

Univ. M; m; a o} M.p
1 50 10 4 . 40 20. 00
2 65 13 5 . 385 25.00
3 45 9 2 . 222 10. 00
4 48 10 3 . 300 14. 40
5 52 10 5 . 500 26. 00
6 58 12 3 . 250 14. 50
7 42 8 3 . 375 15. 75
8 66 13 4 . 308 20. 31
9 40 8 2 . 250 10. 00

10 56 11 4 . 364 20. 36

522 104 176. 32

Define M to be the total number of secondary units (grants) in the universe. In practice, M may
be known or unknown. If M is unknown, the Two-Stage Unrestricted program estimates the
universe proportion using aratio estimator. No estimate of the universe total (total number of
grants containing improper charges) isavailable. Thisisillustrated in the computer output to

follow where M is unknown.
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DEPARTMENT OF HEALTH & HUMAN SERVI CES
O G - OFFICE OF AUDI T SERVI CES
Date: 1/31/2004 TWO STAGE UNRESTRI CTED ATTRI BUTE APPRAI SAL

AUDI T/ REVI EW Exanpl e
DATA FILE: C:\ Tenp\ DATA2STG TXT

PRI MARY SAMPLE | TEMS W TH
UNI'T UNI VERSE SAMPLE SI ZE CHARACTERI STI C(S) RATIO
1 50 10 4 40. 00%
2 45 9 2 22.22%
3 52 10 5 50. 00%
4 42 8 3 37.50%
5 40 8 2 25. 00%
6 65 13 5 38. 46%
7 48 10 3 30. 00%
8 58 12 3 25. 00%
9 66 13 4 30. 77%
10 56 11 4 36. 36%
TOTALS 522 104 35
TOTAL PRI MARY UNITS I N THE UNI VERSE 90
OVERALL RATIO 33.78%
STANDARD ERROR 2.85%
CONFI DENCE LEVEL 80 PERCENT 90 PERCENT
LOAER LIM T FOR PROPORTI ON 30. 13% 29. 09%
UPPER LIM T FOR PROPORTI ON 37.43% 38.47%

Discussion. The estimate of the universe proportion, p, is

Time: 14:13
95 PERCENT
28. 19%
39. 36%

Py = (estimated number of grants containing improper charges in the sampled universities) /

(number of grantsin the sampled universities)

= [(50)(.4000) + (45)(.2222) + -+ + (56)(.3636)] / (50 + 45 + -+ + 56)

=176.32 /522 = .3378 (that is, 33.78%)

The estimated variance of py is
V(Py) = (Standard Error)® = (.0285)> = .000812.

NOTE: Thereisaformulafor v(,) intheformulasection.

(Rev. 10/2004)
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The corresponding approximate 95% confidence interval for the universe proportion is
.3378 £ (Precision at 95% Confidence Level)
The Precision at 95% Confidence Level valueis the same as 1.959963984540
times the (Standard Error). So, the resulting 95% confidence interval can also be written
.3378 + (1.959963984540)(Standard Error)
3378 + (1.959963984540)(.0285)
3378 =+ .0559

.2819 10 .3937 (28.19% to 39.36%).

NOTE 1: When the value of M is unknown in the formulafor v(P,) (the case here), itis
acceptable to replace this value with the average value of M for the sample (as was
donein thisillustration). Thisvalueis522/10 = 52.2. Thisisan advantage of using
this estimator, since it does not require knowledge of M. If M isknown, the user has
two choices: (1) use the above ratio estimator, where now M is known or (2) use an
unbiased estimator of p, illustrated in Example 4.

NOTE 2: If thevaue of M isknown, the RAT-STATS software uses the unbiased estimator,
illustrated in Example 4.

Example 4. Suppose that in Example 3, it is known that there is atotal number of M = 4,500
grants (secondary units) in all 90 universities. Asaresult, M isknown and isequal to M/N =

4,500/90 = 50. The following output is obtained. Notice that estimated (projected) totals for

each sampled university (primary unit) and for the entire universe are provided.
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DEPARTMENT OF HEALTH & HUMAN SERVI CES
O G - OFFICE OF AUDI T SERVI CES
Date: 1/31/2004 TWO STAGE UNRESTRI CTED ATTRI BUTE APPRAI SAL Time: 13:52
AUDI T/ REVI EW Exanpl e
DATA FI LE: C:\ Tenp\ DATA2STG. TXT

PRI MARY SAMPLE | TEMS W TH
UNI'T UNI VERSE SAMPLE SI ZE CHARACTERI STI C(S) RATIO PROJECTED
1 50 10 4 40. 00% 20
2 45 9 2 22.22% 10
3 52 10 5 50. 00% 26
4 42 8 3 37.50% 16
5 40 8 2 25. 00% 10
6 65 13 5 38. 46% 25
7 48 10 3 30. 00% 14
8 58 12 3 25. 00% 15
9 66 13 4 30. 77% 20
10 56 11 4 36. 36% 20
TOTALS 522 104 35
OVERALL TOTALS
90 4, 500 35. 26% 1, 587
STANDARD ERROR 3.67% 165
CONFI DENCE LEVEL 80 PERCENT 90 PERCENT 95 PERCENT
LONER LIM T FOR PROPORTI ON 30. 56% 29. 22% 28. 06%
UPPER LIM T FOR PROPORTI ON 39.97% 41. 31% 42. 47%
LONER LIM T FOR TOTAL 1,375 1, 315 1, 263
UPPER LIM T FOR TOTAL 1,799 1, 859 1,911

| | N A
Discussion. An unbiased estimator of the universe proportion, p, is (V) (E)

where A = estimated number of grants containing improper charges in the sampled
universities

B = number of sampled universities

and A/B = the projected average number of grants containing improper charges for the
sampled universities

So, A/B = [(50)(.4000) + (65)(.3846) + - + (56)(.3636)] / 10

=176.32/10=17.632 grants
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The projected number of grants containing improper charges for the universeis N-(A/B); that is,
(90)(17.632) = 1586.88 grants. Since there are 4500 grants in the universe, then the estimated

proportion of grants containing improper chargesis 1586.88/4,500 = .3526 (35.26%).

The corresponding approximate 95% confidence interval for the universe proportion is
.3526 + (Precision at 95% Confidence Level),

which is the same as .3526 + 1.959963984540(Standard Error). So, the resulting 95%
confidence interval is

3526 * (1.959963984540)(Standard Error)

3526 + (1.959963984540)(.0367)

3526 +.0720

.2806 t0 .4247 (28.06% to 42.47%).
The corresponding 95% confidence interval for the total number of grantsin the universe
containing improper chargesis

1587 + 324; that is, 1263 to 1911 grants.

NOTE: Formulasfor Py, and the corresponding confidence interval are contained in the
formula section.

FORMULAS

Case 1: When the total number of secondary unitsin the universe (M) is unkown, the ratio

estimator for the universe proportion isused. This estimator will be called Py . Define:

M; = number of secondary unitsin the universe for the i-th sampled primary unit, m; of
which are sampled
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ff = proportion of secondary units having the attribute of interest in the i-th sampled
primary unit

n = number of sampled primary units
N = number of primary unitsin the universe (must be known)

M = number of secondary units in the universe (may be known or unknown)

M = average number of secondary units per primary unitsin the universe. Thisisequal to
M/N if M isknown. It can be estimated using m if M is unknown, where misthe
average number of secondary unitsin the sampled primary units.

The estimated variance of fy is

n

N . ZMiZ(Q_f)r)Z L " i)
.\ [N-n 1 _2[ i—mjn - B
v(pr)-( N )[nwj n-1 +nNM2 ~ M M; m-1

NOTE: Thestandard error of [, isthe squareroot of V() .
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Case 2: When the total number of secondary unitsin the universe (M) is known, an unbiased

estimator for the universe proportion isused. This estimator will be called P, .
n
Mi B
By = ﬁ i=1
"M n

The estimated variance of P, is

Zn(Miﬁ—Mmz i
R N - 1 S 1 M; - b(l-H)
V(p”):( Nn)(nmzj — +nNM2iZ‘1Mi2[ lvlimjlqm—i)i

NOTE 1: Thestandard error of fy,isthe squareroot of V().

NOTE 2: When estimating the total number of secondary unitsin the universe having the
attribute of interest, both fy, and the standard error of P, are multiplied by M.
The Precision at the 95% Confidence Level value for the universe total is
(1.959963984540) (M )(standard error of fy,). For the Precision at the 90%
Confidence Level value, replace 1.959963984540 with 1.644853626951 and for the

Precision at the 80% Confidence Level value, replace 1.959963984540 with
1.281551565545.
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Three-Stage Unrestricted

Example 5. The situation discussed in Example 4 was extended the following year to athree
stage procedure by defining:

Stage 1: REGION (select 4 out of 12 regions)

Stage 2: UNIVERSITY (select 10 from each selected region)

Stage 3: GRANT (select approximately 20% of all grants at each university)

Using the random number module (Single-Stage Random Numbers), regions 5, 7, 8, and 10
were selected as the sampled primary units. Next, 10 universities (secondary units) were
randomly selected (again using program Single- Stage Random Number s) from the available
universities in each of the four selected regions. The following data were obtained, where M; is
the number of grantsin the universe for each university, m. isthe number of audited grants at
each university (chosen to be roughly 20% of M,), and g is the number of grantsin the sample

from the i-th university containing charges after the scheduled completion of the grant (in error).

REGION 5 (contains 90 secondary units, 10 to be sampled)

Univ. M m a,
1 47 9 3
2 51 10 2
3 45 9 4
4 46 9 1
5 46 9 3
6 50 10 1
7 50 10 4
8 57 11 3
9 54 11 4

10 64 13 2
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REGION 7 (contains 110 secondary units, 10 to be sampled)

Univ. M
53
59
52
67
59
73
51
75
66
58

QOWOONOUIAWNE

=

m
11

12
10
13
12
15
10
15
13
12

-bIAI\J(.«.)CDI—‘(.AJI—‘(.J'II\)‘QJ

REGION 8 (contains 85 secondary units, 10 to be sampled)

Univ. M
45
39
43
34
54
54
34
59
49
43

QOWOONOUIAWNE

=

~N © 00 ©03

11
11
7
12
10
9

N-bl—‘H(DI\JI—‘-bNOO‘QJ

REGION 10 (contains 120 secondary units, 10 to be sampled)

Univ. M
59
68
57
72
70
73
83
89
73
77

QOWOONOUIAWNE

=

m
12

14
11
14
14
15
17
18
15
15

5

NWARUOINFRPOWON

Theresulting data set in called DATA3ST.TXT and is shown on the next page. The

corresponding computer output using the Three-Stage Unrestricted program immediately

follows. For thisillustration, the total number of third-stage unitsin the universe (S) is

unknown.
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--- Data set DATA3ST.TXT -

REG ON 5
UNI V1 47
UNI V2 51
UNI V3 45
UNI V4 46
UNI V5 46
UNI V6 50
UNI V7 50
UNI V8 57
UNI V9 54
UNI V10 64
REG ON 7
UNI V1 53
UNI V2 59
UNI V3 52
UNI V4 67
UNI V5 59
UNI V6 73
UNI V7 51
UNI V8 75
UNI V9 66
UNI V10 58
REG ON 8
UNI V1 45
UNI V2 39
UNI V3 43
UNI V4 34
UNI V5 54
UNI V6 54
UNI V7 34
UNI V8 59
UNI V9 49
UNI V10 43
REG ON 10
UNI V1 59
UNI V2 68
UNI V3 57
UNI V4 72
UNI V5 70
UNI V6 73
UNI V7 83
UNI V8 89
UNI V9 73
UNI V10 77

90

9
10
9
9
9
10
10
11
11
13

110

11
12

10
13
12
15
10
15
13
12
85
9
8
9
7
11
11
-
12
10
9
120
12
14
11
14
14
15
17
18
15
15

NWRARUINFRPOWONONRPARRPRPRPWNEANWORELPNWORWEFRL UONONPPWRARRPWERANWO

There are 90 secondary units (universities) in this
primary unit (region); 10 wer e audited.

In UNIV1, there were 53 grants (thir d-stage units).
Eleven of these grants were sampled and two
contained improper charges.

(Rev. 10/2004)
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DEPARTMENT OF HEALTH & HUVAN SERVI CES
O G - OFFICE OF AUDI T SERVI CES

Date: 1/31/2004 THREE STAGE ATTRI BUTE APPRAI SAL Time: 15:18
AUDI T/ REVI EW Exanpl e
NAME OF | NPUT FI LE: C:\ Tenp\ DATA3ST. TXT
FI RST STAGE NEXT STAGE MEETI NG
SECOND STAGE UNI VERSE SAMPLE SI ZE CRITERI A RATI O
REG ON 5 90 10
UNI V1 47 9 3 33. 33%
UNI V3 51 10 2 20. 00%
UNI V3 45 9 4 44. 44%
UNI V4 46 9 1 11. 11%
UNI V5 46 9 3 33. 33%
UNI V6 50 10 1 10. 00%
UNI V7 50 10 4 40. 00%
UNI V8 57 11 3 27.27%
UNI V9 54 11 4 36. 36%
UNI V10 64 13 2 15. 38%
TOTALS 510 101 27
REG ON 7 110 10
UNI V1 53 11 2 18. 18%
UNI V2 59 12 5 41.67%
UNI V3 52 10 1 10. 00%
UNI V4 67 13 3 23. 08%
UNI V5 59 12 1 8.33%
UNI V6 73 15 6 40. 00%
UNI V7 51 10 3 30. 00%
UNI V8 75 15 2 13. 33%
UNI V9 66 13 1 7.69%
UNI V10 58 12 4 33.33%
TOTALS 613 123 28
REG ON 8 85 10
UNI V1 45 9 3 33. 33%
UNI V2 39 8 2 25. 00%
UNI V3 43 9 4 44. 44%
UNI V4 34 7 1 14. 29%
UNI V5 54 11 2 18. 18%
UNI V6 54 11 3 27.27%
UNI V7 34 7 1 14. 29%
UNI V8 59 12 1 8. 33%
UNI V9 49 10 4 40. 00%
UNI V10 43 9 2 22.22%
TOTALS 454 93 23
REA ON 10 120 10
UNI V1 59 12 2 16. 67%
UNI V2 68 14 6 42.86%
UNI V3 57 11 3 27.27%
UNI V4 72 14 6 42. 86%
UNI V5 70 14 1 7.14%
UNI V6 73 15 2 13. 33%
UNI V7 83 17 5 29. 41%
UNI V8 89 18 4 22.22%
UNI V9 73 15 3 20. 00%
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UNI V10 77

TOTALS 721

OVERALL TOTALS

FI RST STAGE
SECOND STAGE
THI RD STACE
SAMPLED | TEMS MEETI NG CRI TERI A

15

145

UNI VERSE

2 13. 33%
34

SAVPLED

{} UNIVERSE SI ZES FOR THE SECOND AND THI RD STAGES REPRESENT
THE UNI VERSES FOR THE SAMPLED PRI OR STAGE.

OVERALL PO NT ESTI MATE OF THE PROPORTI ON
OVERALL STANDARD ERROR ( PROPORTI ON)

OVERALL PO NT ESTI MATE OF UNI VERSE TOTAL
OVERALL STANDARD ERROR ( TOTAL)

CONFI DENCE LEVEL 80 PERCENT
LONER LIM T FOR PROPORTI ON 22.33%
UPPER LIM T FOR PROPORTI ON 25.78%
LONER LIM T FOR TOTAL 14, 115
UPPER LIM T FOR TOTAL 20, 304

Highlighted values:

(1) 33.33%is3/9

24. 06%
1.35%
17, 210
2,415
90 PERCENT 95 PERCENT
21. 84% 21. 42%
26.27% 26. 70%
13, 238 12, 477
21, 182 21,942

(2) 405 =90 (in Region 5) + 110 (in Region 7) + 85 (in Region 8) + 120 (in Region 10)
(3) 2,298 = (47 + - +64) in Region 5+ (53 + - + 58) in Region 7 + (45 + - + 43) in

Region 8 + (59 + - + 77) in Region 10.

Discussion. Based on the preceding output, the following results were obtained:

(1) Estimate of the proportion of grants in the universe containing improper chargesis .2406

(24.06%). Thisuses Equation 1 in the Formulas and Definitions section.

(2) The 95% confidence interval for the universe proportion is from .2142 to .2670.

(3) Estimate of the total number of grantsin the universe containing improper chargesis

17,210. Thisuses Equation 5 in the Formulas and Definitions section.

(4) The 95% confidence interval for the total number of grants containing improper charges

isfrom 12,477 to 21,942.

(Rev. 10/2004)
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The standard error of the proportion estimate is .0135 (1.35%) and the 95% confidence interval
iS.2406 * (1.959963984540)(.0135); that is, .2142 to .2670. The value of .0135 is found by
taking the square root of the value obtained using Equation 2. For the universe total, the
standard error is 2,415 (using the square root of Equation 6) and the 95% confidence interval is

17,210 + (1.959963984540)(2,415); that is, 12,477 to 21,942.

Isthetotal number of third-stage unitsin the univer se known or unknown?

Let S = thetotal number of third-stage unitsin the universe. Two cases will be considered:
Case 1: Sisunknown.
Case 2: Sisknown.

For Case 1:

To estimate the proportion, p, use the ratio (biased) estimator (). To estimate the

number in the population (T) having the attribute of interest, use the unbiased estimator
(Tu) -

For Case 2:

To estimate the proportion, p, use the unbiased estimator ( f;). To estimate the number
in the population (T) having the attribute of interest, use the unbiased estimator ('fu ).

NOTE: Inthe preceding example, the unbiased estimator 'fu was used where 'IA'U = 17,210.
Here S was unknown and so the proportion estimator ( f, ) isfrom case 1 (Equation 1

in the Formulas and Definitions section). The standard error of Py (.0135) isthe
square root of the value obtained from Equation 2.
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FORMULAS
Definitions

total number of third-stage unitsin the universe

AN )
I

number of primary unitsin the universe

n= number of primary unitsin the sample
M; = number of secondary units (universe) in i-th primary unit
m, = number of secondary units (sample) in i-th primary unit
B;, = number of third-stage units (universe) in j-th secondary unit within i-th primary unit
b; = number of third-stage units (sample) in j-th secondary unit within i-th primary unit
f)i i proportion of b; sampled third-stage unitsin error

Formulasfor Py (Casel)and fy,(Case?)

Theratio estimator P, (Equation 1)

AL
IZmIZBiJQJ

Pr = n m
“) B
D

Estimated varianceof P, (Equation 2)

N 2
, o 4 s Bu
VB =T 1)NSZZ[ j_R(B'_ Nj]
m A
M;j (Mj -m) [ j R{ ij
n|\152Z m(m -3 Zj W S

=1

nNSzZ ZBij(Bij hj 1- b))
=1
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|z
M:

where 'fu—
m
~ M R
= FIZ Bj B
j=1
-ﬁj = Bij ﬁj

CUJ)
I
S|z

.F43
povi

i
=

m
A M
BFWZ Bj
j=1
_ S
>N
R Ju
B,

No